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LAGRANGIAN FUNCTIONS AND SCHRODINGER'S RULE
By H. BATEMAN
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Communicated March 23, 1927
In a recent paper Schrodingerl has extended a rule, used by writers in
the theory of gravitation, for deriving a stress energy tensor from a La-
grangian function and has illustrated its application in the case of the tensor
which he has associated with the system of equations proposed by Gordon.2
We shall now apply the rule to various Lagrangian functions to see if it
is generally applicable. Let (a,, a2, a3, a4) be the components of a typical
4-vector on which the Lagrangian function depends and let am, denote the
derivative of am with respect to the coordinate x,. The rule then states
that the component Tm,, of an associated stress-energy tensor is given by
F 6L 4 ?L 6L1
Tmg,,=i [~a,m + aE aa + am a J
-dmnL .....(1)
where
Bmn=0 m $ n
=1 m=n
and the summation E extends over all the four vectors of type a.
Let us now apply this rule to the Lagrangian function
L =2 (E2
-H2) (2)
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in which
E=e+e*, h=h+h*
1 aa
e = ----V- , h = curl a (3)
1 ab
e* = -curl b, h* - -Vw.
The variational principle
a ffff L dxdydzdt = 0 (4)
is found to give rise to the Maxwellian equations
1 bE
curlH cat' divE=O
c~ ot(5)
curl E - a s divH =0
but Schrodinger's rule, as it stands, does not give a symmetric stress-
energy tensor. We, therefore, modify the rule by writing
Sm,= 2(Tm,,+ Tnm) * (6)
and regarding Sm,, as the components of the stress-energy tensor. It is
now found that this tensor is the difference3 of the tensors associated
with the fields (e, h) and (e*, h*), respectively, in other words
Smn = Smn - Smn,
If e* = 0, h* = 0, we get the correct stress-energy tensor associated with
the field (e, h), but if e = 0, h = 0, we get -s4,,. This anomaly may be
avoided by taking as our Lagrangian function
L = 2 (E2-H )
where
Eo = e + ie*, Ho = h + ih*
but the use of a complex Lagrangian function seems undesirable.
An interesting system of equations may be obtained by using the La-
grangian function
L= (E2- H2)+ X(a.b-4w)
in which X is an arbitrary constant. In this case both electricity and
magnetism are present.4
Gordon's equations relate to the case in which electricity is distributed
throughout space and its distribution and motion are governed by certain
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equations which are quite hard to solve. The equations are interesting
because the principles of the conservation of energy and momentum are
consequences of the equations derived from the Lagrangian principle and
these equations include two equations satisfied by conjugate complex
functions 4, and ^1' which closely resemble the wave equations used by de
Broglie and Schrodinger.
When there is no field5 these wave-equations are of type
-2,a +a+ +. a26_1a V'
6x2 by2 Oz2 c2 at2
where k is a constant and the question arises whether these equations
possess any solutions which are finite and continuous throughout all space.
The question is immediately answered in the affirmative by the considera-
tion of solutions of type
11/ = ei(lx +my + n -W).
When k = 0, there are certainly other solutions, for if a is real and U2 > 1
the wave-function
-x2 + y2 + (z - iac)2 - C2(t
-iaa)2
x2 + y2 + (Z + iac)2 -C2(t + iaa)2
[x2 + y2 + z2 - c2t2 + a2C2(a2 -1)12 + 4a2c2[z -Ct]2
does not become infinite for any real values of x, y, z and t. The real part
of ,6 also possesses this property.
It is easy to write down other systems of field equations giving continuous
distributions of electricity and electric currents for which the principles
of the conservation of energy and momentum are satisfied identically.
A very simple set of equations of this type is derived from the Lagrangian
function
L = 2 (E2 -H2) + X(A2 - 42)2
in which X is a constant and
1 aA
H = curl A, E=--- -Vt.
c ?it
The associated equations are
1 aE
curl H-c =A, divE =
and these give
1 as
A+divc 0,a ° 2A+XA = 0, EC 2+X =0.
c at
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Another interesting set of equations is derived from the Lagrangian
function
1 ~~~1 1
L = - (H - E2) - p[- - (v.A)] - p.P + q.Q + X3[L2 - A2]
in which X is a constant and
1bA
H = curl A, E =-
6
'-Vb
pV
p =curl-, q
P = curl L, Q
The associated equations are
1i Q
curl P - - a
1 aE
curl H - --
1 ?q
curl p - - -q-
c o
Cut
1 a
=
-2 a- (pv) -VP
12 at
=
_-- -VA.
c at
pV
C-
_ Cy
div Q = 'I
div E = p
= X3L, div q =X3A
and these give
1 a4divA+-- = 0
c at
div (pv) + -t = 0
1 ?A
C Wtdiv L + -- = O
E 2L = -A, J 2AL = -
2A = pv 02 = _pC
j 2 (-) = -X3L, o2p - -X3A.
An interesting feature of this system of equations is that when p and
pv have been obtained by solving the equations
fpv\ pv p po6( ) = -X3pv 06 = _
dpdiv (pv) + 0t=
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the Hertzian vectors P, Q and the field vectors, E, H can be derived by
differentiations and the potentials A and (D are connected by the well-
known relation
1 6a)divA + c = 0.c bt
In both of these cases the stress-energy tensor may be obtained by
Schr6dinger's rule.
E. Schrodinger, Ann. Phys., 82 (1927), p. 265. A special form of the rule is sug-
gested immediately by Abraham's tensor. Phys. Zeitschr., 13 (1912). Hilbert's rule,
used in Math. Ann., 92 (1924), p. 1, points to the existence of a more general rule.
2 W. Gordon, Zeitschr. Phys., 40 (1926), p. 117.
3The tensor thus vanishes completely when the potentials a, 4, b, c, are chosen so that
e = e*, h = h*. It should be remarked that another tensor possessing this property
may be derived from the Lagrangian function L = E-H, which also gives rise to the field-
equations (5).
4 Another Lagrangian function which is consistent with the existence of both electricity,
and magnetism is discussed by E. T. Whittaker, Proc. Roy. Soc. London, 113A (1927),
p. 496.
6 The question whether this is the total field or only the external field may at present
be left open. If there is to be no total field and consequently no electricity both 4' and
4, must be real.
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A. On the Degree of Arbitrariness in the Wave-Equation.-For a dynam-
ical system with fixed constraints, moving in a stationary conservative
force field, the action W has the form W = -Et + S(q); here E = T
+ V is the total energy, both kinetic and potential, of the system and the
symbol q stands for the positional coordinates of the system. The function
W of (q, t) satisfies the Hamilton equation - + H(q, a) = ° where
H is the Hamiltonian function whose numerical value is the constant E.
If we wish to set up the partial differential equation of the family of mov-
ing surfaces F(q, t) = 0 which is characterized by the fact that on each
member of the family W has a constant value (it being understood that
the dynamical system is started off from any point but always with the
same value of the energy constant E) we proceed as follows. F is to be a
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